Mass Transfer in Laminar Flow Between
Parallel Permeable Plates

Solutions for the concentration profiles and mass transfer rates are
found for various wall Sherwood numbers. Use is made of the confluent
hypergeometric function in the solution, and its advantage over the pre-
viously used series solution is pointed out. Perturbation solutions are also
presented for both large and small values of the wall Sherwood number.
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SCOPE

The rate of mass and heat transfer to and from fluids
is of interest in a number of applications, for example,
dialyzers and heat exchangers. In this work the concen-
tration profiles and mass transfer rates are found for the
laminar flow of a Newtonian fluid between parallel per-
meable plates where the mass flux through the plates is
dependent on the permeability of the plates. The problem
is analogous to the heat transfer case where the heat flux
through the plates depends on the heat transmissivity of
the plates.

The partial differential equation for mass transfer is
solved by the method of separation of variables. Previous
workers solved the resulting ordinary differential equation
(6) in series form and difficulty was encountered in ob-

taining the higher eigenvalues of this equation, thus
necessitating the use of an asymptotic solution for these
eigenvalues (Sellars et al., 1956). We have used the con-
fluent hypergeometric function in the solution of (6) and
higher eigenvalues were obtained with no difficulty. Use
of the confluent hypergeometric function has been made
by Lauwerier (1950) for the solution of Poiseuille flow
in a pipe with constant concentration boundary condition
and more recently by Davis (1973) for the solution of
related problems in pipes and channels. Solutions are
also developed in which the eigenvalues and eigenfunc-
tions are written as power series in Sh,, (the wall Sher-
wood number) for small Sh,, and 1/(2 + Sh,,) for large
Shy.

CONCLUSIONS AND SIGNIFICANCE

The solution of the mass transfer equation has been
found by using the confluent hypergeometric function.
Tables of eigenvalues and corresponding eigenfunctions
for various wall Sherwood numbers are not presented since
these can easily be found from Equations (15) and (14),
respectively. Previous workers (for example, Colton et al.,
1971) have calculated eigenvalues for several values of
wall Sherwood number and the eigenvalues obtained from
Equation (15) agreed with their results.

A perturbation solution was found for Equation (6)
for the whole range of wall Sherwood number. The solu-

tions are in good agreement with the results obtained
from Equations (14) and (15) for most values of wall Sher-
wood number. The results were less accurate in the range
0.5 < Shy, < 5, but at worst provide a good initial value
to the eigenvalue for use in the Newton-Raphson iteration
given by Equation (16).

It is hoped that the solutions will prove useful in both
heat and mass transfer problems and especially in the
case of simultaneous heat and mass transfer where the
simpler form of the solution to the diffusion equation may
make the energy equation more amenable to a numerical
solution.

Two recent publications by Grimsrud and Babb (1966)
and by Colton et al. (1971) have renewed interest in the
classical Graetz problem in heat transfer and in particular
in its application in mass transfer with reference to the
flow of blood in dialyzers, Colton et al. (1971) give a list
of references concerned with this problem in both heat
and mass transfer. Grimsrud and Babb (1966) give an
excellent physical description of the mass transfer process
in dialyzers.

The problem considered is to find the concentration
distribution and mass flux in steady laminar flow between
parallel permeable plates. Separation of variables reduces
the solution of the diffusion equation to an eigenvalue
problem. Previous analyses have used a series solution to
solve the resulting ordinary differential equation and diffi-
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culty was encountered in obtaining the higher eigenvalues
which were obtained from an asymptotic solution given
by Sellars et al. (1956).

In this paper the series solution is replaced by a solu-
tion involving the confluent hypergeometric function,
which is itself an absolutely convergent series, from which
the eigenvalues are easily calculated. We also obtain power
series solutions in terms of the wall Sherwood number
for the eigenvalues and corresponding eigenfunctions.

SOLUTION

Consider a fluid with constant fluid properties flowing
between parallel plates distance 2h apart. z and y are the
coordinates parallel and perpendicular to the channel
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walls respectively. It is assumed that the flow is laminar
and fully developed before the fluid contacts the section
of the channel with permeable walls. Longitudinal mass
diffusion is neglected in comparison with the lateral mass
diffusion and steady state conditions persist throughout.
Introducing the nondimensional variables x, 7, and 4,

the equation for the dimensionless concentration # may
be written as

3 2

Za-ma=2 (1)

2 ox an?

with boundary conditions
=1 x=0 ally (2)
o6
— =0 =0 allx (8)
on
9
——i:Sth g==1 allx (4)
o
Equation (38) is a condition for symmetry about the
center line. The condition for mass balance at the wall
gives (4) where the wall Sherwood number Sh,, is ana-
logous to the wall Nusselt number defined by Van der
Does de Bye and Schenk (1952). Sh,, = 0 is the constant
flux boundary condition and Sh,, = o the constant con-
centration boundary condition.
The solution of (1) obtained by separation of variables
is

0= 2 EM;()emriars ()
i

where M;(n) and v; are the eigenfunctions and corre-
sponding eigenvalues of

M;” () + v#(1 — 7*)M;(n) =0 (6)

subject to
M;(0) =1 My(0) =0 (7)
— My (1) = Sh,M;(1) (8)

where ’ denotes differentiation with respect to ».

The eigenconstants E; are obtained by applying the
initial condition (2) on 6 and using the usual orthogonality
relationships.

Thus

E=J. (- @M /

1
S a—mMeman o

5 / {aM,- N 1 oMy } 0
= - i 7i
"V oy;  Shw Oy Jy=1

(10)
Eo=1 E;=0 j=12,...

In (6) write x = ym? and M;(x) = v(x)/x%, then the
equation becomes
(1)

4

v =0

v(x) =0
(11)

where k = y;/4 and m = = Y. This is Whittaker’s equa-
tion, the solution of which is (from Whittaker and Watson,

p. 337)
v (—;—-&-m—k) xr

Mim(x) = x¥tme=t%e ———  (12)
n§=:o (2m + 1), nl

Y 1 k
o’ (x) +| ——+—+
4 x

x2
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where (a)p =ala+1) ... (a+n—1).

My m(x) is the confluent hypergeometric function. The
summation is absolutely convergent for all x provided
2m+1) <0, -1, -2, ....

In order to satisfy the initial conditions (7) we find

that m = — ¥4. Thus
(-3)
4 4/,
1
(——) n!
2745
')’J"IZ)
= — 1
exp( 2 { +

2 (L= ). (40 — 3 — v
> Sk (2(71)7; 2 7;"772"} (14)
n=1

2 o
M;(9) = exp (—— Zg—) 2 yitg?r (18}
n=0

The eigenvalues of (14) are found by application of (8)
and are the roots of

F('}’) = (Shw_')’) +
S (1—9v)...(4n —3 — )

v (Shy +2n —y) =0
(15)

where the suffix { has been omitted. Equation (15) can
be solved by using a Newton-Raphson technique, the re-
quired iterative scheme being

(2n)!

yUTD = o F (D) /3F /3y (16)
where
oF
_— 14
gy
> (l=y)...(4n=8=2)  (n &
2 ,yn I —_—
= (2m)! Ny A
! )x(Sh +2n — 1) IJ (17)
_— w -7 =
(4p -8 —17)

The initial guess y® in (16) can be found by using (15),
for example, take Shy, = 0 then (15) is

y(l—v)(2—7)

Fly) = —y+ 3
201 5 o) (4 —
+7< ) (5 — ) ( 7>+...:0
24
and y = 0 is a root. Now write
1=y E2-7
Fi(y) = —14 220C 77
2
y(1—y)(5—=7)(4~v) 4
24 o
then F;(1) = —1, F{(5) = 5, F;1(9) = —38 and so on.

The remaining eigenvalues can be bracketed immediately,
and in this case we have (1, 5), (5, 9), (9, 13) etc. as the
intervals in which roots of (15) occur for Sh,, = 0. Similar
intervals are obtained for each value of Shy.

This analysis suggests that the difference between suc-
cessive eigenvalues is approximately 4. In practice, the
numerical scheme adds 4 to the current eigenvalue and
iterates rapidly to the next eigenvalue. Clearly any good
initial guess at an eigenvalue will provide a convergent
iterative scheme.
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The above method has been used successfully to ob-
tain the first 20 eigenvalues for a wide range of Sh,, and
in each case convergence has been rapid. In order to
retain six decimal place accuracy the number of terms of
(15) which are used increases with increasing number
of eigenvalue; for example, 100 terms of (15) were neces-
sary to obtain the twentieth eigenvalue. The number of
terms required in (14) to give M;(x) correct to six deci-
mal places is much less than the number of terms involved
in the calculation of y;.

To complete the solution for the dimensionless concen-
tration 4, the eigenconstants E; are required. These are
found from (10) after the required derivatives of M;(n)
have been calculated from (14).

It is useful at this stage to define the mixing cup con-
centration 6,, by

where

By = — 3E;M/(1)/2y? (19)

The overall Sherwood number is defined by
=L (2) L (dm)

n=1
2
— Z Bj,yj2e—2/3 Y2z
3 i
= (20)

2 Bj€—2/3 Y2z

i

As x —> ¢, only the first term in each of the summations
in (20) will remain and thus the limiting overall Sher-

wood number is given as

(1 —x?)dn 2
Shoo = '3—702 (21)

9m=f -—(1—772)0d1, /f
S Bep (- 3w) ()

A local fluid-side Sherwood number may be defined by

TasLE 1. COEFFICIENTS IN POWER SERIES FOR ¢ = Shy,

02 = 1.5¢ — 0.728571¢2 + 0.32334063 — 0.129664¢# + 0.045748¢5
E¢ = 1.0 4- 0.139286¢ — 0.074665¢2 - 0.032105¢8 — 0.010375¢*

n Moo Mo Moz Mo Moy Mos

0 1.0 0.0 0.0 0.0 0.0 0.0

0.1 1.00000 —0.007487 0.003646 —0.001623 0.000653 —0.000232
0.2 1.00000 —0.029800 0.014621 —0.006567 0.002675 —0.000966
0.3 1.000000 —0.066487 0.033022 —0.015042 0.006237 —0.002310
04 1.000000 —0.116800 0.058954 —0.027354 0.011604 —0.004435
0.5 1.000000 —0.179687 0.092466 —0.043834 0.019081 —0.007545
0.6 1.000000 —0.253800 0.133439 —0.064745 0.028956 —0.011848
0.7 1.000000 —0.337487 0.181478 —0.090163 0.041413 —0.017500
0.8 1.000000 —0.428800 0.235767 —0.119832 0.056424 —0.024544
0.9 1.000000 —0.525487 0.294937 —0.153008 0.073627 —0.032822
1.0 1.000000 —0.625000 0.356920 —0.188300 0.092194 —0.041887

= 18.380297 + 4.084622¢ — 0.886126¢2 + 0.076819¢3 4 0.047037¢4 — 0.03272165

n Mo My My, M3 My M;s

0 1.0 0.0 0.0 0.0 0.0 0.0

0.1 0.909.44 —0.019772 0.004357 —0.000401 —0.000222 0.000159
0.2 0.656420 —0.071674 0.016564 —0.001794 —0.000736 0.000588
0.3 0.288871 —0.136243 0.034134 —0.004606 —0.001144 0.001148
0.4 —0.126969 —0.189075 0.053339 —0.009179 —0.000950 0.001640
0.5 —0.524501 —0.209222 0.069880 —0.015442 0.000254 0.001852
0.6 —0.851829 —0.185495 0.079826 —0.022769 0.002640 0.001611
0.7 —1.081210 —0.118495 0.080574 —0.030136 0.006091 0.000830
08 —1.211115 —0.018213 0.071541 —0.036507 0.010263 —0.0004867
0.9 —1.262117 0.101245 0.054336 —0.041312 0.014742 —0.002154
1.0 —1.269692 0.227513 0.032428 —0.044834 0.019242 —0.004045

v2% = 68.951816 +- 5.001182¢ — 0.676435¢2 4 0.0158206% 4 0.021464¢% — 0.006549¢5

n Mg, Mgy Moo Mas Mz Mas

0 1.0 0.0 0.0 0.0 0.0 0.0

0.1 0.675087 —0.022201 0.003100 —0.000097 —0.000093 0.000030
0.2 —0.085685 -—0.059993 0.009346 —0.000532 —0.000224 0.000087
0.3 —0.796422 —0.056958 0.011857 —0.001379 —0.000111 0.000102
0.4 -1.037215 0.012460 0.005158 —0.002086 0.000338 0.000016
0.5 —0.706257 0.115302 —0.010380 —0.001629 0.000877 —0.000158
0.6 —0.020146 0.186872 —0.028280 0.000627 0.001085 —0.000342
0.7 0.684396 0.180941 —0.040076 0.004246 0.000686 —0.000434
0.8 1.165628 0.096957 —0.040562 0.007977 —0.000268 —0.000377
0.9 1.370908 —0.032108 —0.030266 0.010720 —0.001498 —0.000185
1.0 1.402190 —0.172356 —0.014005 0.012374 —0.002750 0.000079

(continued on next page)
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TasLE 1 (continued)

v32 = 151.550771 4 5.663203¢ — 0.583789¢2 + 0.006213¢3 4+ 0.011651et — 0.00241965

1 M3 Mz M3a

0 1.0 0.0 0.0

0.1 0.334091 —0.021669 0.002348
0.2 —0.777899 —0.029398 0.004114
0.3 —0.897091 0.033405 —0.001690
04 0.090887 0.092862 —0.010797
0.5 0.996042 0.043792 —0.010921
0.6 0.884759 —0.087178 0.002440
0.7 —0.032881 —0.171615 0.019598
0.8 —0.961187 —0.133369 0.027408
0.9 —1.418823 —0.005571 0.021873
1.0 —1.491570 0.144303 0.008618

M3 M3y M3s

0.0 0.0 0.0
—-0.000047 —0.000043 0.000010
—0.000266 —0.000043 0.000016
—0.000383 0.000110 —0.000010

0.000254 0.000210 —0.000049

0.001400 0.000004 —0.000045

0.001617 —0.000375 0.000024
—0.000005 —0.000524 0.000108
—0.002634 —0.000238 0.000137
—0.004749 0.000325 0.000093
—0.005863 0.000924 0.000007

42 = 266.162305 + 6.196733¢ — 0.527307¢2 4- 0.003162¢3 4 0.007393¢t — 0.00119565

n My My My

0 1.0 0.0 0.0

0.1 —0.059587 —0.018956 0.001734
0.2 —1.004850 0.003899 0.000359
0.3 0.1151086 0.057011 —0.005363
0.4 1.041350 —0.005517 —0.002335
0.5 0.042496 —0.097306 0.008668
0.6 —1.082731 —0.028735 0.008753
0.7 —0.633033 0.119963 —0.006270
0.8 0.641310 0.146912 —0.019015
0.9 1.427429 0.030500 —0.017362
1.0 1.560068 —0.126606 —0.006112

My My Mys
0.0 0.0 0.0
—0.000031 —0.000022 0.000004
—0.000125 0.000013 0.000001
0.000092 0.000070 —0.000013
0.000512 —0.000039 —0.000005
0.000013 —0.000148 0.000023
—0.001107 0.000017 0.000022
—0.000947 0.000262 —0.000022
0.000823 0.000228 —0.000057
0.002590 —0.000077 —0.000047
0.003454 —0.000433 —0.000008

vs2 = 412.779539 + 6.650353e — 0.487824¢2 + 0.001853¢3 4 0.005160¢* — 0.000694¢5

n Mso Ms: Ms;

0 1.0 0.0 0.0

0.1 —0.443952 —0.014678 0.001195
0.2 —0.630186 0.025655 —0.001652
0.3 0.984795 0.013510 —0.002195
04 —0.059276 —0.066336 0.005252
0.5 —1.025268 0.024969 0.001205
0.6 0.466244 0.093180 —0.009174
0.7 1.082025 —0.048892 —0.002095
08 —0.247950 —0.144262 0.012782
0.9 —1.405011 —0.048481 0.014428
1.0 —1.616080 0.114146 0.004684

1
Shym — — (a_o) (22)
(0 — 6w) N /y=y

and is related to the overall Sherwood number by the ex-
pression

1 1 N 1 (28)
Sh,  Shy = Shy,

POWER SERIES SOLUTION

For each value of wall Sherwood number, Equation
(15) has to be solved and Equation (14) evaluated to
produce the required eigenvalues and eigenfunctions. A
solution will now be obtained where evaluation of an
eigenvalue takes place once only for each case of Shy,
=1 and Sh, =1,

For small Sh,, the form of the wall boundary condi-
tion (8) suggests a solution of the form

M;(n) = Mjo(n) + eMj(n) + €Mp(n) + ... (24)

and
vy = A2+ ey + oy + .. (25)

where ¢ = Shy,.
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Mss3 My Mss
0.0 0.0 0.0
—0.000022 —0.000011 0.000002
—0.000033 0.000023 —0.000002
0.000185 0.000003 —0.000003
—0.000034 —0.000059 0.000008
—0.000488 0.000047 0.000001
0.000257 0.000086 —0.000016
0.000954 —0.000097 —0.000002
—0.000063 —0.000170 0.000025
—0.001570 0.000004 0.000026
—0.002292 0.000242 0.000006

In fact, examination of the results obtained for various
Shy, suggested that the forms (24) and (25) were also
applicable for large Sh,, with ¢ = 1/5h,.

Substituting for M;(») and ¥;2 from (24) and (25) into
Equation (6) and equating like powers of « gives the fol-
lowing system of equations:

M”i0(n) + A2 (1 —n*)Mjo(n) =0 (28)
M”31 (n) +22(1 — 2) M (9) = —aj (1 — 52) Mjo(n)
(27)

M”in(n) + 221 — ) Mjn(n) =
—aj1(1 - "72)Mjn—1(77) e

(28)
—am(l — 7 )Mp(n) n=12,3, ...
The boundary conditions become
Atp=0
Mp(0) =1 Mu(0) =0 i=1,2,3,... (29)
M’z(0) =0 i=0,1,2,... (30)
Atnp=1
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M’jo(l) = 0 Af[’ji(l) = _Mji—-l(l)

i=12,3,... for

Mio(l) =0 Mju(l) = —M’5-1(1)

i=1,2,8,... for

Shy, <1

Shy, > 1

(31)

(32)

The system of Equations (26) to (28), subject to the
boundary conditions, was solved numerically using a

&S Tk W~ 3 TU W~ O

Ut LD~ O

M’on(1)

0.0
—1.000000

0.625000
~0.356920

0.188300
—0.092194

M’2n<1)

0.0
—1.402190
0.172356
0.014005
—0.012374
0.002750

M'4n(1)

0.0
—1.560068
0.126606
0.006112
—0.003454
0.000433

Milne-Simpson technique. For small Sh,, the results are
given in Table 1 and were accurate for Shy, < % and pro-
vided useful results up to Sh,, = 1.

For large Sh,, the terms in the series obtained appeared
to be asymptotic. Nevertheless, the results were in good
agreement for Sh,, = 10. However, in an attempt to
stretch the region for which the series is useful, that is,
for Shy, < 10, we supposed that e = 1/(k 4 Shy,) where

TaBLE 2. DERIVATIVES OF COEFFICIENTS AT | — 1 FOR ¢ = Shy,

EOn

1.0
0.139286
—0.074665
0.032105
0.010375

(BMZn/a’YZ)n=1

—0.572342
—0.268596
0.055854
—0.004235
—0.001615
0.000722

(M 4n/3v4)y=1

—0.666644
—0.185583
0.023957
—0.000879
—0.000332
0.000076

(8M’20/ 072 )n=1

—4.656260
—0.283745
0.174368
—0.037347
0.001311
0.001841

(aM’4n/a74)‘n=l

—8.214556
—0.160361
0.106050
—0.015696
0.000368
0.000308

M'ln( 1)
0.0
1.269692
—0.227513
—0.032428
0.044834
—0.019242
M'3n( 1 )
0.0
1.491570
—0.144303
—0.008618
0.005863
—0.000924
MISn( 1)
0.0
1.616080
—0.114146
—0.004684
0.002292
—0.000242

(aMln/a‘)’l)n=1

0.477596
0.396436
—0.136618
0.025037
0.004331
—0.005988

(8M3sn/dv3)n=1

0.627368
0.216002
—0.033921
0.001653
0.000654
—0.000194

(dM5n/3vs ) n=1

0.697435
0.165170
—0.018335
0.000547
0.000194
—0.000037

TasLE 3. COEFFICIENTS IN POWER SERIES FOR ¢ = 1/(2 + Shy)

v0? = 2.827763 — 4.852930¢ — 2.250348¢2 }- 0.553284¢3 + 1.553089¢* + 0.47126465

Moo

1.0

0.985918
0.944343
0.877224
0.787600
0.679303
0.556603
0.423798
0.284819
0.142850
0.000000

Moy

0.0

0.024111
0.094626
0.206339
0.351341
0.520071
0.702574
0.889835
1.075027
1.254600
1.429155

Moz

0.0

0.011278
0.045403
0.103111
0.185205
0.292026
0.422029
0.575882
0.747292
0.932082
1.123972

Mos

0.0
—0.002658
—0.009365
—0.016528
—0.018835
—0.010194

0.015115

0.061198

0.129323

0.216974

0.318797

Mo

0.0
—0.007717
—0.030289
—0.065983
—0.111932
—0.164381
—0.218832
—0.270854
—0.316881
—0.355377
—0.388094

712 = 32.147278 — 36.613353¢ + 0.703297¢2 }- 68.523658¢% — 16.151265¢ — 188.827428¢5

n My

0 1.0

0.1 0.843772
0.2 0.426158
0.3 —0.120471
04 —0.634506
0.5 —0.983217
0.6 —1.101348
0.7 —0.997324
0.8 —0.731087
09 —0.378731
1.0 —0.000000

My Mg

0.0 0.0

0.173154 0.002057

0.582856 0.065869

0.961619 0.304870

1.030943 0.761350

0.643927 1.321336
—0.155467 1.744573
—1.178147 1.789012
—2.200927 1.339671
—3.077930 0.458511
—3.807069 —(0.661124
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M3

0.0
—0.285832
—0.994431
—1.616888
—1.619867
—0.656774

1.253765

3.742603

6.284894

8.477690

10.275055

My

0.0

0.057996
—0.006181
—0.679921
—2.204255
—4.214084
—5.809371
—6.016438
—4.314536
—0.885138

3.524045

(OM’1n/ 871 )9=1

2.665341
0.497413
—0.325618
0.105111
—0.010761
—0.009784

(8M'3n/6v3 )n=1

6.484711
0.203373
—0.128882
0.022281
—0.000601
—0.000645

(OM’sn/3vs)n=1

9.874319
0.133296
—0.091942
0.012019
—0.000254
—0.000174

Mos

0.0
—0.002414
—0.010322
—0.025545
—0.050557
—0.087782
—0.138851
—0.203999
—0.281758
—0.369012
—0.461381

M;s

0.0
0.897779
3.059269
5.072869
5.183040
2.056550
—4.537379
—13.538437
—23.103445
—31.615748
—38.721624

(continued on next page)
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Table 3 (continued)

o2 = 93.474852 — 89.000159¢ - 47.719870¢2 4 310.599894¢3 — 572.6848844

n Mao My Mo

0 1.0 0.0 0.0

0.1 0.568534 0.378401 —~0.173001
0.2 —0.351258 0.863676 —0.112576
0.3 —0.984308 0.379577 0.791431
0.4 —0.841406 —1.100015 1.671973
0.5 —0.074979 —2.345427 0.888179
0.6 0.753970 —2.108813 —1.860588
0.7 1.166875 —0.279250 —4.894320
0.8 1.049900 2.211070 —6.145417
0.9 0.583115 4.364027 —4.948701
1.0 -—0.000000 5.920229 —2.230060

v32 = 186.804503 — 158.399499¢ + 161.138196¢2 -+ 822.582808¢3 — 2949.534884¢4

n M3 M3 M3z

0 1.0 0.0 0.0

0.1 0.203563 0.567115 —0.490999
0.2 —0.921271 0.476343 0.224910
0.3 —0.634255 —1.373098 2.033778
0.4 0.601588 —1.920393 0.024717
0.5 1.035007 0.782739 —4.592928
0.6 0.174331 3.575958 —3.810023
0.7 —0.914199 2.728854 3.994477
0.8 —1.232889 —1.222843 11.174590
0.9 —0.765618 —5.237307 11.639907
1.0 0.000000 —17.892490 6.911067

v42 = 312.133917 — 242.903893¢ 4 356.351720e2

n My

0 1.0

0.1 —0.193678
0.2 —~0.941396
0.3 0.501499
0.4 0.863168
0.5 —0.612123
0.6 —0.971294
0.7 0.340926
08 1.270792
0.9 0.928480
1.0 —0.000000
v52 = 469.460545 — 341.252099¢ + 645.452225¢2
M Mso

0 1.0

0.1 —0.560648
0.2 —0.398569
0.3 1.016105
0.4 —0.573759
0.5 —0.627136
0.6 1.036021
0.7 0.350495
0.8 —1.165115
0.9 —1.071943
1.0 0.000000

M23 M24
0.0 0.0
—1.351715 2.233404
—3.343734 3.140438
—2.036974 —4.729105
3.775044 —15.723178
10.290430 —14.210594
11.493535 7.161513
4.421973 37.556181
—8.519427 57.992553
—22.329313 58.371521
—34.213739 43.923428
M3 M3y
0.0 0.0
—3.115109 9.742230
—3.722158 1.664970
6.772837 —34,046894
14.704535 —18.944536
1.059399 59.065163
—24.581923 84.413045
—31.286451 —11.727784
—6.364573 —148.253161
33.536443 —215 224629
70.135470 —203.277949
My Mys
0.0 0.0
0.674527 —0.813017
—0.499895 1.512793
~—1.810906 1.272758
1.569399 —5.079520
2.897321 —0.388338
—2.118422 9922012
—~4.936812 3.035100
—0.588251 —14.040992
5.738225 —19.874618
9.770776 —13.065435
Ms Msa
0.0 0.0
0.653065 —0.943601
—1.451442 2.969185
0.289694 —3.242439
2.671638 —1.879255
—3.281080 10.054238
—1.842172 —B.967079
5.649846 —14.080497
2.942521 12.777021
—5.885431 29.055380
—11.579366 20.497567

k is a constant. Application of the wall boundary condition
gives

e(kM;(1) — M’3(1)) = M;(1) (33)

Thus, provided ek = 0(e) we can write the boundary
condition as

Mj(1) =0
M;ji(1) = kMjo(1) — M%j(1) = —M’;(1) (34)
Mjn(l) :’CMjn_l(l) —M’jn_l(l) n= 1,2, 3, cee
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Numerical solutions were obtained for k = 0, 1, 2, and
3 and it was found that for k = 2 the range of applicabil-
ity of the power series was greatest. Indeed, for Sh, = 5
the series gave results in close agreement with those ob-
tained from Equations (14) and (15). For Shy, as low
as unity the series gave good approximations to the eigen-
values and eigenfunctions. The results for the first six
eigenvalues and eigenfunctions corresponding to the case
k = 2 are given in Table 3.

In evaluating the eigenconstants E;, the terms (aM;/

AIChE Journal (Vol. 20, No. 5)



n Mon(1) (0Mon/3v0) n=1 {(dM’on/8v0) n=1
0 —1.429155 —0.990437 —1.201936
1 1.734339 0.210554 —0.530593
2 1.931146 0.902850 1.174378
3 1.021689 1.355407 2.609119
4 —0.314808 1.386347 2.926116
5 —0.932526 1.311467 2.482050
n M'25(1) (dMan/dv2)n=1 (dM'2n/dv2 ) n=1
0 —5.920229 —1.286249 —3.057009
1 14.070518 0.202043 —14.751610
2 29753619 8.406395 31.125503
3 —112.350907 —6.638292 65.653820
4 —172.624066 —68.388291 —323.080347
n M4n(1) (0M4n/3v4)n=1 (8M'4n/0v4)n=1
0 —9.770776 —1.421330 —4,743257
1 32.606987 0.183914 —38.615595
2 91.236978 20.529685 131.824582

TABLE 4. DERIVATIVES OF COEFFICIENTS AT 1 = 1 FOR ¢ = 1/(2 + Shuw)

M'ln(l) (aMln/a'Yl)n=l (az\l'ln/a’h)n:l
3.807069 1.179107 2.153453
—6.953014 —0.216639 6.040141
—11.597303 —3.926248 —-8.971932
17.026065 —1.287180 —20.071813
45.769714 14.354840 33.207037
—67.519718 5.659863 77.868032

M'3n<1) (ai"lsn/a'ﬂ”)n:l (BZ\I’Sn/a'Ya)n:l
7.892490 1.362021 3.916698
—22.696046 —0.191628 25.744455
—56.313337 —14.004469 —71.363255
343.548889 25.169551 —141.777142
285.625657 165.883938 1250.402992

M’sn(1) (dM5n/8vs)n=1 (8M'sn/dvs)n=1
11.579366 1.470412 5.543718
—43.656297 —0.177869 53.122282
—134.527612 —27.864451 —214.027123

dvi)n=1 and (8M’;/dy;)n=1 are required.

Writing Y(y) = 0M;(y)/dy; and differentiating (6)
with respect to y; gives

Y7 (n) + 71~ 92)Yi(n) = —29;(1 — ) M;(n) (85)
As before, write
Yi(n) = Yjo(n) + ¥j(n) + Yp(n) + ... (36)

and

vi=X+ B+ B+ ... (87)

where, for example, 8;; = a;/2); is obtained from the
expression (25) for y;2

Substituting for Y;(5), v and y; in (35) and equating
the coeflicients of like powers of e gives a system of differ-
ential equations similar to the system (26) to (28) and
subject to the initial conditions

Y;i(0) =0 Y;(0)=0 i=0,1,2, ... (38)

This system of equations is solved simultaneously with
the system (26) to (28). The required values of (aM;/
8yi)n=1 and (9M’;/dy;)n=1 are given in Table 2 for
e = Shy,, and in Table 4 for ¢ = 1/(2 + Sh,,). Hence the
cigenconstants E; may be calculated using (10).

Howe er, for € = Shy, A2 = 0 and an expression of
the form of (37) for y, cannot be found in this case, It
is possible to obtain series for y,, Yy, and Y( in terms of
powers of €' and hence calculate E, from (10), but it
was found to be more accurate in this case to write

Eo = Eoo + €E01 + 62E02 + ... (39)
and to calculate Eq using Equation (9).
From (9)
1
Eofo (1 — 2) M¢®(q)dn

1
= J -y (40)

Substituting for E, from (39) and My(4) from (24)
and comparing like powers of ¢ gives a system of equa-
tions from which Egy, Eo, etc. may be calculated, The
integrals in this system of equations can be evaluated by
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using the usual orthogonality relationships together with
Equations (26) to (28) withj = 0 and X, = 0.

The above method was also applied for general Ej, but
the eigenconstants thus obtained were found to be less
accurate than those found from (10).

DISCUSSION

Eigenvalues and eigenfunctions were obtained from
Equations (15) and (14) for selected values of wall
Sherwood number and were compared with results found
by previous workers. The results were found to agree,
higher eigenvalues being obtained to more decimal places
than in previous papers. The eigenvalues and eigenfunc-
tions were calculated by computer with no difficulty in
obtaining higher eigenvalues either by failure of the eigen-
value to converge or by using large amounts of computer
time as experienced by previous workers. In fact, once
the interval in which the eigenvalue occurs was found,
only a small number of iterations was needed to obtain
the eigenvalue to six places of decimals. The algorithms
for producing the eigenvalues and eigenfunctions are
readily transferable for use on an electronic desk calcu-
lator; the eigenfunction being particularly easy to evaluate
once the eigenvalue is known. It should be noted that in
comparing results with those obtained by other workers
(for example, Colton et al.,, 1971), we have used 2h in-
stead of h as the channel height and other definitions
have been altered accordingly.

It is particularly interesting to note that solutions in-
volving the confluent hypergeometric function can also be
found for problems of heat and mass transfer in a circular
pipe. The relevant equations are given in Appendix I.

Instead of evaluating Equations (14) and (15) for each
value of Shy, it is possible to obtain solutions for y and
M(5) by substituting for Shy, in the relevant power series.
For small Sh,, the power series was found to be accurate
for 0 = Sh,, = 0.5, whereas the series for large Sh,, was
found to be accurate for Sh, = 10. Indeed the series for
large Sh,, gave good approximate solutions for values of
wall Sherwood numbers as low as Sh,, = 1 and for small
Shy, the series gave good approximate solutions for values
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of wall Sherwood number up to Sh,, = 1. In using the
tabulated results, it was found that for the first eigenvalue
and eigenfunction, the series for large Shy, produced the
better results for as low as Sh, = 0.8. Thereafter, for
values of Sh,, < 2, it was found that the series for small
Shy, was the more accurate. It is important to note that
the overall and fluid-side Sherwood numbers evaluated
from the power series solutions were accurate for most
values of Sh,, and even in the least accurate range, 0.5 <
Shy < 5, were in error by at most 19 . A sample of the
results obtained from using the powers series for wall
Sherwood numbers of 1, 2, and 5 are shown in Appendix
II. The Sherwood numbers and mixing-cup concentration
are evaluated at x = 0.05 as this provides the most strin-
gent test in the range over which the results are applicable.

The systems of equations for M;{n) and Y;(y) have
also been solved analytically, but there is little to be
gained over the numerical solutions at present.

The six sets of eigenvalues and eigenfunctions tabulated
are sufficient to give the solution for x = 0.05. Clearly,
for x < 0.05 more eigenfunctions are required and these
may be easily obtained from the confluent hypergeometric
solution.,

NOTATION

= coeflicient in Equation (19)
= concentration
diffusion coefficient
eigenconstant
minimization function, Equation (15)
% channel height
= mass transfer coefficient; also a constant in Equa-
tions (29) and (30)
= eigenfunction
k,m = confluent hypergeometric
(12)
= dimensionless radial coordinate in appendix
Sherwood number
mean velocity
dimensionless axial coordinate =
dummy variable in (11) and (12)
derivative, with respect to y, of eigenfunction
transverse coordinate
axial coordinate

T EEO &
i

=R

function, Equation

zD/Uh?,

<2
B

Greek Letters
terms in power series for 42, Equation (25)

o =

B = terms in power series for y, Equation (37)

v = eigenvalue

€ = small quantity, Sh,, for Sh, < 1, 1/(2 + Shy)
for Sh, =1

7 = dimensionless transverse coordinate = y/h

A = eigenvalue in power series for y and y?

6 = dimensionless concentration (¢ — ¢o)/{(c; — ¢o)

Subscripts

f = fluid-side

i = initial

i = index of eigenvalues, etc.

m = mixing-cup

0 = overall, outside wall

w = wall, thatis,atyp = 1
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APPENDIX i

In a circular pipe the equation for the dimensionless con-
centration § may be written as

a8 1 9 a9
(1_72)—':——-——(1‘—-——) (1a)
ox r 9Jr or
with
=1 x=0 allr (2a)
36/dr =0 r=0 allx (3a)
—30/9r = Shywh r=1 allx (4a)
Separation of variables gives
— 2 Eij(T)e_W"’I (5&)
i=0
where
1
My (r) 4+ TMj’(r) + 71— r2)M;(r) =0  (6a)
subject to
MJ(O) =1 My(0)=0 (7a)
oM;
—T=ShWMj at r=1 (8a)
r

Putting x = v52 and M(x) = v(x)/x% gives

)+ 1k 2"
J’x — — —— e
¢ 4+x+ x2

(3-%2)
i 2 4/,

t(x) = xtee—"az 2 —_—n

v(x) =0 (1lla)

where k = v;/4andm = 0
Thus

ST (Lanl
 (2-2)
n
(1) = o—vir2
Mi(r) = e~ 2 Dol (13a)

n=0

= e—wm{ 1+

(2 — ;) .. (4n — 2 — vj)ymr2n

i : } (14a)
= 22n(n!)2
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Sho = 1.141064
Shy = 2.656924

om = 0.937276
Sh, = 1.68089
Shy = 2.53214
bm = 0.903221

APPENDIX II, Shy =2
Comparison Between Confluent Hypergeometric and 1.220150 She = 1.13696 1220269
Power Series Solutions 4.880902 4.875175
8.749982 Shy = 2.63479 8.764895
C.H. solution Power series solution 12.677288 12.593927
Sherwood num- Sherwood num- 16630025 0m = 09383585 16543274
Eigen- bers and 8, at Eigen- bers and 8y, at 20.596391 20.603113
values x = 0.05 values x = 0.05 _
Shy =5
Shy — 1 1445974  Sh, = 1.68056  1.445977
W= 5.205500 5.205331
1.0 Sh, = 0.729651  1.000843  Sh, = 0.731372 9.075228  Shy = 2.53139  9.077524
4.656137 4.655007 12.987426 12.985926
8.562020 Shy =— 2.69892 8361968  Shy = 2.72262 16922820 9 = 0.903222 16.873229
12.515834 12515815 20.872707 20.829852
16.487648 fm = 0.961772 16.487604 om = 0.951367 Manuscript received January 31, 1974; revision received May 14 and
20.468354 20.468229 accepted May 15, 1974.

Trajectory Calculation of Particle Deposition

in Deep Bed Filtration

Part I. Model Formulation

The

ALKIVIADES C. PAYATAKES
CHI TIEN, and RAFFI M. TURIAN

Department of Chemical Engineering
and Materials Science
Syracuse University, Syracuse, New York 13210

packed bed model developed by Payatakes, Tien, and Turian

(1973a, 1973b) is used as a basis for the study of particle deposition in
deep bed filtration. The size of the particulate matters present in the sus-
pension is assumed to be sufficiently large for Brownian motion to be
negligible, but small enough for straining to be unimportant. The prediction
of the rate of particle deposition is based on the one-step trajectory ap-
proach. The collector is represented by a unit bed element of the porous
media model and the particle trajectory equation is formulated to include
the gravitational force, the hydrodynamic force and torque (including the
correction for the presence of the unit cell wall), the London force (in-
cluding the retardation effect, which is shown to be of primary importance
under conditions usually met in deep bed filtration systems), and the
electrokinetic force. Sample capture trajectories, including the limiting
capture trajectories, are given.

Based on the limiting trajectories and the assumption of uniform par-
ticle distribution at the entrance of each unit cell, the number fractions
(of suspended particles) impacted on each unit cell are determined and
then used to calculate the fraction impacted on the entire unit collector
and also the value of the filter coefficient for a clean bed. It is also shown
how the capture trajectory calculation can be used to determine the local
rate of deposition along the wall of a given unit cell.

SCOPE

The study reported in this paper represents the begin-
ning phase of a long-range investigation whose objective

Correspondence concerning this paper should be addressed to C. Tien.
A. C. Payatakes is with the University of Houston, Houston, Texas.

AIChE Journal (Vol. 20, No. 5)

is the development of a model for the filtration of a liquid
suspension through a granular packed bed (or deep bed
filtration). The recently proposed P-T-T (Payatakes, Tien,
Turian) model for granular porous media is believed to
provide a realistic basis for the modeling of the dynamic
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